Abstract. In this paper we construct (many) Kolyvagin systems out of Stickelberger elements, utilizing ideas borrowed from our previous work on Kolyvagin systems of Stark elements. We show how to apply this construction to prove results on the odd parts of the ideal class groups of CM fields which are abelian over a totally real field, and deduce the main conjecture of Iwasawa theory for totally real fields (for totally odd characters). Although the main results of this paper has already been established by Wiles, our approach provides another example (which slightly differs from the case of Stark elements) on how to study Kolyvagin systems of core rank r > 1 (in the sense of Mazur and Rubin). The analogous (and in some sense complementary) results for even parts of the ideal class groups and main conjectures for totally even characters of totally real number fields have been previously obtained by the author using similar ideas.
Introduction
B. Howard, B. Mazur and K. Rubin show in [MR04] that the existence of Kolyvagin systems relies on a cohomological invariant, what they call the core Selmer rank. When the Selmer core rank is one, they determine the structure of the Selmer group completely in terms of a Kolyvagin system. However, when the Selmer core rank is greater than one, not much could be said.
The author [Büy07a, Büy07c] has studied the Kolyvagin system machinery for the Galois representation Z p (1) ⊗ χ −1 of the absolute Galois group G k := Gal(k/k) of a totally real number field k (of degree [k : Q] = r), where χ : G k → Z Rubin [Rub96] , to control these modified Selmer groups. In this paper, we are interested in the case when χ is totally odd, which in some sense is the opposite case of [Büy07a, Büy07c] . The G k -representation in consideration now will be T = Z p (χ), which gives rise to a Kolyvagin system theory of core rank r. We will again use appropriately modified Selmer groups associated with the representation T , and the Euler system which will give rise to Kolyvagin systems that controls the modified Selmer groups will be obtained from Stickelberger elements.
Before we state the main results of this article, we set our notation which will be in effect throughout the paper. Let p, k, G k , χ and r be as above. We assume that χ(℘) = 1 for any prime ℘ of k above p, and further that χ = ω, the Teichmüller character. Let L be the fixed field of ker(χ) inside a fixed algebraic closure k of k, write ∆ = Gal(L/k). For any number field K containing L, let A K be the p-part of the ideal class group of K, and A χ K its χ-isotypic part. We fix S as the set of places of k which consists of all infinite places of k, all places λ which divide the conductor χ of χ, as well as all the places of k above p. 
With a bit more work, we can prove the Iwasawa theoretic version of Theorem A. Let k ∞ denote the cyclotomic Z p -extension of k and assume that any prime of k above p totally ramifies in k ∞ /k. This is true, for example, if k/Q is unramified. Set Γ = Gal(k ∞ /k) and Λ = Z p [[Γ]], as usual. Let L ωχ −1 ∈ Λ denote the Deligne-Ribet p-adic L-function (defined in [DR80] ). The basic interpolation property which L ωχ −1 satisfies is recalled in (4.1). Let Tw ρcyc be a certain twisting operator on Λ (see §4.2 for its definition). As already remarked, these results have already been obtained by Wiles [Wil90b] unconditionally. The main objective of this paper is to set up an Euler system and Kolyvagin system machinery for Galois representations of core rank r (in the sense of [MR04] ) which admit an Euler system of Stickelberger element-type. (For example, one could hope to utilize our approach in this paper for the Euler system obtained from Mazur-Tate elements attached to modular forms, we hope to get back to this point in a future paper.) The situation in this case, as far as the Kolyvagin system machinery (more precisely the Euler system to Kolyvagin system map of [MR04] ) is concerned, seems to be slightly different from the case of Stark elements, studied in [Büy07a] . In fact, in a forthcoming paper [Büy08] , the set up from the current paper and that from [Büy07b] are combined together to treat the theory of Kolyvagin systems of Euler systems for self dual Galois representations of core rank r 1 . Finally, we remark that thanks to (an appropriately variant of) Proposition 3.4 below, it seems that we may by-pass the need of appealing to Krasner's Lemma in [Büy07a, Büy07c] and hence we may remove the hypothesis that χ is unramified at all primes ℘ of k above p on the main results of [Büy07a, Büy07c] .
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Notation: Besides what we have fixed above, the following notation will be in effect throughout. For any abelian group A, write
for its p-adic completion and write
for its Pontryagin dual. Suppose in addition that ∆ acts on A, we then write A χ for the χ-isotypic component of A ∧ .
For k ∞ /k as above, let k n /k be the unique subfield of degree p n . We set Γ n = Gal(k n /k) and write L n = Lk n . For any prime Õ ⊂ k, let k(Õ) denote the p-part of the ray class field extension of k modulo Õ. For any square free integral ideal
1. Local conditions and Selmer groups 1.1. Selmer structures on T = Z p (χ). Below we use the notation that was set in the Introduction. Let Γ := Gal(k ∞ /k), and Λ := Z p [[Γ]] be the cyclotomic Iwasawa algebra.
We first recall Mazur and Rubin's definition of a Selmer structure, in particular the canonical Selmer structure on T and T ⊗ Λ.
1.1.1. Local conditions. Let R be a complete local noetherian ring, and let M be a R[[G k ]]-module which is free of finite rank over R. In this paper we will only be interested in the case when R = Λ or its certain quotients, and M is T ⊗ Λ or its relevant quotients by an ideal of Λ. (For example, taking quotients by the augmentation ideal of Λ will give us Z p and the representation T .)
For each place λ of k, a local condition
For the prime p, a local condition F at p will be a choice of an R-submodule H 1
, where the direct sum is over all the primes ℘ of k which lie above p.
For examples of local conditions see [MR04] Definitions 1.1.6 and 3.2.1.
Suppose that F is a local condition (at the prime λ of k) on M. If M ′ is a submodule of M (resp. M ′′ is a quotient module), then F induces local conditions (which we still denote by 
where µ p ∞ stands for the p-power roots of unity.
Let λ be a prime of k. There is the perfect local Tate pairing
under the local Tate pairing < , > λ .
1.1.2. Selmer structures and Selmer groups. Notation from §1.1.1 is in effect throughout this section. We will also denote G k λ = Gal(k λ /k λ ) by D λ , whenever we would like to identify this group by a closed subgroup of G k = Gal(k/k); namely with a particular decomposition group at λ in G k . We further define I λ ⊂ D λ to be the inertia group and Fr λ ∈ D λ /I λ to be the arithmetic Frobenius element at λ. Definition 1.4. A Selmer structure F on M is a collection of the following data:
• a finite set Σ(F ) of places of k, including all infinite places and primes above p, and all primes where M is ramified.
• for every λ ∈ Σ(F ) a local condition (in the sense of §1.1.1) on M (which we view now as a R[[D λ ]]-module), i.e., a choice of R-submodule
If λ / ∈ Σ(F ) we will also write H 1
For a Selmer structure F on M and for each prime λ of k, define
under the local Tate pairing. The Selmer structure F * on M * (with Σ(F ) = Σ(F * )) defined in this way will be called the dual Selmer structure. Definition 1.5. If F is a Selmer structure on M, we define the Selmer module H 1 F (k, M) to be the kernel of the sum of the restriction maps
where k Σ(F ) is the maximal extension of k which is unramified outside Σ(F ). We also define the dual Selmer structure in a similar fashion; just replace M by M * and F by F * above. (i) Let R = Z p and let M be a free R-module endowed with a continuos action of G k , which is unramified outside a finite set of places of k. We define a Selmer structure F can on M by setting
-if ℘|p, we set
This is what we call the canonical Selmer structure on M.
(ii) Let now R = Λ be the cyclotomic Iwasawa algebra, and let M be a free R-module endowed with a continuos action of G k , which is unramified outside a finite set of places of k. We define a Selmer structure F Λ on M by setting
. This is what we call the canonical Selmer structure on M.
As in Definition 1.1, induced Selmer structure on the quotients M/IM is still denoted by
will not usually be the same as H 1 (k λ , M/IM). In particular, when I is the augmentation ideal inside Λ, F Λ on M will not always propagate to
However, when M = T and M = M ⊗ Λ as in the Introduction, F Λ will propagate to F can . Remark 1.7. When R = Λ and M = T ⊗ Λ (which is the case of interest in this paper), the Selmer structure F can of [Büy07b] §2.1 on the quotients T ⊗ Λ/(f ) may be identified 2 , under our hypotheses on χ, with the propagation of F Λ to the quotients T ⊗ Λ/(f ), for every distinguished polynomial f inside Λ. Definition 1.8. A Selmer triple is a triple (M, F , P) where F is a Selmer structure on M and P is a set of rational primes, disjoint from Σ(F ). Remark 1.9. Although one might identify the cohomology groups in our setting (when the Galois module in question is T ⊗ Λ with T = Z p (χ), or its quotients by ideals of Λ) with certain groups of homomorphisms using inflation-restriction, we will insist on using the cohomological language for the sake of notational consistency with [MR04] from which we borrow the main technical results. We also hope that the similarity of ideas applied here and in [Büy07a, Büy07c] are more apparent this way.
1.2. Computing Selmer groups explicitly. In this section we compute the Selmer groups for the 
and similarly for every prime λ of k
, and for the semi-local cohomology at a rational prime ℓ
Taking inverse limits, we obtain
For the dual representation T * , we have by inflation-restriction and Kummer theory (1.6)
and for the semi-local cohomology
where L λ := L ⊗ k k λ , the sum of completions of L at the primes above λ, and L ℓ := L ⊗ Q Q ℓ . Taking direct limits, we have
and (1.10)
to be the set of primes where χ is ramified, together with places above p and ∞; and setting (using the identifications above):
Here, I Õ stands for a fixed inertia group at Õ, and O L,ℓ := O L ⊗ Z ℓ is the sum of the local units of the completions of L at the primes above ℓ.
Proof. This is proved in [Rub00, §I.6.B & §I.6.C]. Definition 1.11. We define the classical Selmer structure F cl on T (and F * cl on T * ) by setting Σ(F cl ) = Σ(F can ) and letting
, and
Remark 1.12. Since we assumed χ(℘) = 1 for any prime ℘ ⊂ k above p, it follows from the proof of [Rub00, Proposition III.2.6] (see
We therefore have the following exact sequences
such that the image of loc p is the orthogonal complement of the image of loc * p . (The final statement is Poitou-Tate global duality.) We also remark that the classical Selmer group
Proof. Proposition 6.1.3 of [MR04] gives
we note that the propagation of F cl to Z/p m Z(χ) coincides with the Selmer structure
Similarly, the propagation of F * cl to µ µ µ p m ⊗ χ −1 coincides with the Selmer structure F of loc.cit. Hence, it follows from [MR04, Proposition 6.1.3] that there is an exact sequence
Taking direct limit, we obtain the following exact sequence:
This completes the proof of the Proposition.
Selmer groups over
Repeating the arguments of the previous section (replacing the totally real field k with the totally real field k n ), we prove Lemma 1.14.
1.3.
Modifying local conditions at p. When the core Selmer rank of a Selmer structure (in the sense of [MR04] , see also §1.5 below) is greater than one, it produces a Selmer group which is difficult to control using the Kolyvagin system machinery of [MR04] . As we will see in 1.5, F can on T (resp. F Λ on T ⊗ Λ) will have core Selmer rank r = [k : Q]. Hence, to be able to utilize Kolyvagin system machinery, we will need to modify F can and F Λ appropriately. This is what we do in this section.
1.3.1. Local conditions at p over k.
Lemma 1.15. Under the assumptions above
Proof. We first prove this using the general structure theory of semilocal cohomology groups at p. All the references here are to [Büy07c, Appendix] and the results quoted here are due to Benois, Colmez, Herr and Perrin-Riou.
By Theorem A.
where γ is any topological generator of Γ. However, it follows from [Büy07b,
is surjective. Lemma now follows.
Remark 1.16. There is of course a more direct proof of Lemma 1.15. We also include this alternative proof of this Lemma. By the explicit description of the semi-local cohomology groups in (1.5)
It follows at once from this description that H 1 (k p , T ) is Z p -torsion free, hence free. Further, since Z p is an abelian group we may rewrite above equality as
We therefore have
To prove the Lemma, it suffices to check that the Q p -dimension of
→ O L Õ with finite kernel and cokernel. Hence
and therefore has Q p -dimension r by normal basis theorem.
Since we assumed that k ∞ /k is totally ramified at all primes ℘ ⊂ k over p. Let k ℘ denote the completion of k at ℘, and let k ℘,∞ denote the cyclotomic Z p -extension of k ℘ . We may identify Gal(k ℘,∞ /k ℘ ) by Γ for all ℘|p and henceforth Γ will stand for any of these Galois groups.
] is the cyclotomic Iwasawa algebra, as usual. We also fix a topological generator γ of Γ, and we set X = γ − 1 (and occasionally we identify Λ by the power series ring
Lemma 1.18. Under the running assumptions
is a free Λ-module of rank r.
Proof. This is already proved in the first part of the proof of Lemma 1.15.
and a generator Φ = Φ L of L which maps to ϕ = ϕ L under the projection above. Define the L-modified Selmer structure F L on T ⊗ Λ as follows:
1.4. Global duality and a comparison of Selmer groups. In this section, we compare classical Selmer groups (which we wish to relate to the L-values) to modified Selmer groups (for which we are able to apply the Kolyvagin system machinery and compute in terms of L-values). The necessary tool to accomplish this comparison is Poitou-Tate global duality.
1.4.1.
Comparison over k. The definition of the modified Selmer structure F L and Remark 1.12 gives us the following exact sequences: 
where the map (loc * p ) ∨ is induced from localization at p and the local Tate pairing between H 1 (k p , T ) and 
Repeating the argument of Proposition 1.21 for each field k n (instead of k) and passing to inverse limit we obtain the following:
Proposition 1.23. Both of the following sequences of Λ-modules are exact:
Proof. We give a sketch. Thanks to [Rub00, Proposition B.1.1], we have an exact sequence
where L n is the image of L under the natural map
By definition lim ← −n L n = L, and by [MR04, Lemma 5.3.1] (or rather by its proof) it follows that
canonically. Further, by Lemma 1.14 lim
where
Now, using the fact that the functors
are adjoint functors (we drop the subscripts below and write ⊗ and Hom for short), it follows that
where the isomorphism of the second and the third line comes from
Now from this and (1.11) (together with its semilocal analogue) it follows at once that
This completes the proof of (i) and (ii) follows trivially from (i). Proof. By Proposition 1.6 of [Wil95] length(H
Applying the same formula to (T, F can ) we see that
and this equals (r − 1)p n by the very definition of the modified Selmer structure. We already know by Proposition 1.24 that X (T, F can ) = r. The proof follows. Proof. This is immediate after Proposition 1.25 and Theorem 5.2.10 of [MR04] .
Remark 1.27. Note that the choice of a rank one direct summand L ⊂ H 1 (k p , T ) somewhat makes our approach unnatural. We address this issue in this Remark. Put
(where each L i is a free Z p -submodule of H 1 (k p , T ) of rank one) and consider
Claim. The sum in (1.13) is in fact a direct sum.
Proof. Assume contrary: Suppose
for some a i ∈ Z p , and a i 0 = 0 for a certain 1 ≤ i 0 ≤ r. This means (1.14)
] for a precise definition of a Kolyvagin system to clarify this notation). (1.14) therefore shows that
On the other hand, by definition, loc p (a i 0 κ Note that, in order to prove the Claim above, we used the facts that loc p is injective (on H 1
is finite in our current setting. With a bit more work, it is possible to prove this Claim without having either of these conditions. It would be very interesting to have an answer for the following question: Question: Is the direct sum
independent of the choice of the decomposition (1.12)?
When the answer to this question is affirmative, we would have a canonical rank r submodule of KS(T, F can ). It would be even more interesting to see if this rank r submodule descends from Euler systems. Below, we construct such a (rank r) submodule of KS(T, F can ) out of the Stickelberger elements, which still does depend on the decomposition (1.12). 
is surjective.
See [Büy07b] § §3.1-3.2 for a precise definition of the Λ-module of Λ-adic Kolyvagin systems KS(T ⊗ Λ, F L ).
The proof of this Proposition is identical to the proof of [Büy07c, Theorem 2.15]. We refer the reader to §2.5 of loc.cit. for details.
In §3.2 below we explain how to obtain these Kolyvagin systems out of Stickelberger elements, assuming Brumer's conjecture.
Euler systems from Stickelberger elements
We begin with recalling the definition of Stickelberger elements. We first set some notation. Assume k, χ, = χ and L are as above. For a (square free) cycle τ = Õ 1 . . . Õ m of the number field k let k(τ ) be the compositum k(τ ) = k(Õ 1 ) · · · k(Õ m ) where k(Õ) denotes the maximal p-extension inside the ray class field of k modulo the prime ideal Õ. For any field K, define K(τ ) as the composite of k(τ ) and K. Let K = {L n (τ ) : τ is a (finite) square free cycle of k prime to p} be a collection of abelian extensions of k, where k(τ ), L, L(τ ) and are defined above. Note that any L n (τ ) ∈ K is CM and abelian over the totally real field k. Let S be the set of places of k, consisting all places above p, all places dividing and all infinite places. For any K ∈ K, write S K for the set of all places of the field K lying above the places in S. When there is no confusion, we will only write S for S K as well.
For any K ∈ K, the partial zeta function for σ ∈ Gal(K/k) is defined as usual by ζ S (s, σ) := (a,K/k)=σ a is prime to S Na −s for Re(s) > 1, here Na is the norm of the ideal a ∈ k, and (a, K/k) is the Artin symbol. The partial zeta functions admit a meromorphic continuation to the whole complex plane, and holomorphic everywhere except at s = 1. We may therefore set
which is an element of Q[Gal(K/k)] thanks to [Sie70] . Further, it is known, thanks to Deligne and Ribet [DR80] , that θ
Proof. This follows from [Tat84, Proposition IV.1.8].
As before, let A K denote the p-part of the ideal class group of K ∈ K, and A χ K its χ-isotypic part. Until the end of this section we assume the χ-part of the Brumer's conjecture: [Wil90b] ) and the vanishing of Iwasawa µ-invariant for K. However, we wish not to assume main conjectures; in fact rather assume 2.2 and deduce main conjectures.
Having said that, we should warn the reader about one minor point: If a prime ℘ ⊂ k above p is unramified in K/k, then Kurihara's Stickelberger elementθ χ K differs from our θ χ K by a factor of (1 − Fr ℘ ) χ , where Fr ℘ is the Frobenius of ℘ for the unramified extension K/k. Since we assumed χ(℘) = 1 for any ℘ ⊂ k above p, it follows that (1
χ . Therefore the statement of 2.2 is still equivalent to the statementθ
Suppose F is any finite abelian extension of k, and K = F L. Then by the inflation-restriction sequence and class field theory one has (2.1)
where A × K denotes the ideles of K. Since any continuous homomor-
Further, there is an exact sequence
which is induced from the map that sends an idele to the corresponding ideal class. Here O × K is the closure of the global units O × K in the local units U K inside K ⊗ Q p . Since taking χ-parts is exact (as the order of χ is prime to p) we obtain an exact sequence
and since we assumed χ is totally odd (O × K ) χ is finite (see the final paragraph of the proof of Proposition 1.13), therefore there is an induced
Suppose we are given a collection of homomorphisms λ λ λ = {λ
(which we view also as an element of H 1 (k n (τ ), T ) via the identification (2.2)) as the composition We close this section with a final remark which will be referenced in what follows: 3 We remark that any homomorphism λ ∈ Hom(U χ Ln(τ ) , Z p ) necessarily factors through the quotient U χ Ln(τ ) /(U Ln(τ ) ) χ tors ; this is how we make sense of the right most map in the diagram above.
Remark 2.5. The argument in Remark 1.16 shows, under our running assumptions,
the Euler systems to Kolyvagin systems map
We first recall what Mazur and Rubin call Euler system to Kolyvagin system map. Suppose T and K is as above, and P is the set of primes of k which does not divide p χ . Let ES(T ) = ES(T, K) denote the collection of Euler systems for (T, K) in the sense of [Rub00, §3] 
with the properties that
We would like to apply this map on the Euler systems we have constructed in §2. Note however that Theorem 3.1 will give rise to Kolyvagin systems only for the coarser Selmer structures F Λ and F can (rather than finer Selmer structures F L and F L ). To be able to obtain Kolyvagin systems for the modified Selmer structures F L and F L , we need to analyze the structure of semi-local cohomology groups for T ⊗ Λ and T at p, over various ray class fields of k. This is carried out in §3.1. We then apply the results of §3.1 to construct the desired Kolyvagin systems for the modified Selmer structures in §3.2. 3.1. A good choice of homomorphisms. Recall that k ∞ is the cyclotomic Z p -extension of k, and Γ = Gal(k ∞ /k). k n denotes the unique sub-extension of k ∞ /k with [k n : k] = p n and Γ n := Gal(k n /k).
is simply induced from the augmentation sequence
where A τ is the augmentation ideal of the local ring Z p [∆ τ ]. The argument above shows that the cokernel of N τ is dual to
Further,
and
. By local duality this is equivalent to proving H 2 (k p , T τ ) = 0, which by the (semi-local) Shapiro's Lemma equivalent to show H 2 (k(τ ) p , T ) = 0, which again by local duality equivalent to the statement H 0 (k(τ ) p , T * ) = 0; and this we have verified in the paragraph above. This completes the proof of (ii).
(iii) clearly follows from (i) and (ii).
Recall that ∆ τ := Gal(k(τ )/k) and Γ n = Gal(k n /k).
Proposition 3.4. For every τ as above,
module of rank r, and, (ii) for every n ∈ Z ≥0 , the semi-local cohomology group
Proof. We start with the remark that H 1 (k(τ ) p , T ) is a free Z p -module of rank r · |∆ τ |. Indeed, this may be proved following the proof of Lemma 1.15 (or alternatively, and more directly, following the argument of Remark 1.16). Further, we know thanks to Lemma 3.3 that the map
(which could be thought of as reduction modulo the augmentation ideal A τ ) is surjective. Therefore Nakayama's lemma and Lemma 1.15 implies that H 1 (k(τ ) p , T ) is generated by (at most) r elements over Z p [∆ τ ]. Let B = {x 1 , x 2 , . . . , x r } be any set of such generators. To prove (i), it suffices to check that the x i 's do not admit any Z p [∆(τ )]-linear relation. Assume contrary, and suppose there is a relation
note that by our assumption on the set B, S generates H 1 (k(τ ) p , T ) as a Z p -module, and further |S| = r · |∆ τ |. The equation (3.1) can be rewritten as δ,j a δ,j · δx j = 0 with a δ,j ∈ Z p . Since we already know that H 1 (k(τ ) p , T ) is Z p -torsion free, we may assume without loss of generality that a δ 0 ,j 0 ∈ Z × p for some δ 0 , j 0 . This in return implies that
is generated by S − {δ 0 x j 0 }. This, however, is a contradiction since we already checked that the Z p -rank of H 1 (k(τ ) p , T ) is r · |∆ τ | = |S|, hence cannot be generated by |S| − 1 elements over
(ii) is proved in an identical fashion, now considering the augmentation map
which is surjective thanks to Lemma 3.3.
Let F be the composite of all fields k(τ ) where τ runs through the set N of all square free integral ideals of k which are prime p χ . Set ∆ ∆ ∆ := Gal(F/k).
-module of rank r and the natural projections
are surjective for all m ∈ Z ≥0 and η ∈ N .
Proof. Immediate after Proposition 3.4.
We also fix generators ϕ ϕ ϕ, ϕ
and L respectively; such that ϕ ϕ ϕ → ϕ η m → ϕ m , and, ϕ ϕ ϕ → Φ → ϕ under the projection maps mentioned above.
As in Definition 3.6, we could start with a choice of L L L which in return fixes L and L. Alternatively, we could start with arbitrary L (and L) as we did in §1.3 and show (using linear algebra) that there is a rank one direct summand L L L ⊂ lim ← −n,τ H 1 (k n (τ ) p , T ) which projects down to L (and L), as in Definition 3.6.
By Remark 2.5 we may (and we will) identify lim
, Z p where we recall that U Ln(τ ) stands for the local units inside L n (τ ) ⊗ Q p . We define, for each m ≥ 0 and η ∈ N a homomorphism λ where the final equality is because
When η is fixed and m varies, note that the collection {λ η m } m forms a projective system with respect to norm maps 7 . When η = 1, we write λ m (resp. ‫ג‬ m ) instead of λ η m (resp. ‫ג‬ η m ). Also when m = 0, we simply write λ (resp. ‫)ג‬ for λ 0 (resp. ‫ג‬ 0 ).
We finally remark that λ m = ϕ m for all m.
Proposition 3.7. For η, ηÕ ∈ N , and any m ′ ≥ m, 7 which we remind the reader that the norm maps are induced from the inclusions
Proof. This is evident, since by construction
where the second equality is because
by the norm coherence property of the collection {ϕ η m } η,m . This completes (i), and (ii) is proved similarly.
Next, we will use the collection {λ η m } m,η we constructed above to obtain first an Euler system, via Theorem 2.4 and then a (weak) Kolyvagin system for the Selmer structure F L (resp. F L ) on the Galois representation T (resp. T ⊗ Λ). Before, we set some notation. Recall that P denotes the set primes of k whose elements do not divide pf χ . For each positive integer m and n, let P m+n = {Õ ∈ P : Õ splits completely in L(µ p m+n+1 )/k} be a subset of P. Note that P m+n is exactly the set of primes being determined by [Rub00, Definition IV.1.1] when T = Z p (χ). Let N (resp. N j ) denote the square free products of primes Õ in P (resp. P j ). We also include 1 in N (and N j ). For notational simplicity, we also write T := T ⊗ Λ from now on, and for a fixed topological generator γ of Γ = Gal(k ∞ /k) we set γ n = γ p n .
the (generalized) Z p -module of Kolyvagin systems for the triple (T, F , P) (see [MR04, Definition 3.1.6]) (resp.
the (generalized) Λ-module of Kolyvagin systems for the triple (T, F, P).)
for the Kolyvagin systems obtained via the descent procedure of [Rub00, §4] applied on the Euler system c St = {c St kn(τ ) }. We further know that
Remark 3.8. Using Shapiro's lemma one easily checks that
See [MR04] Lemma 5.3.1 and [Rub00] Appendix B.5 for the semi-local version. We have already used these identifications in the paragraph above (with τ = 1).
Theorem 3.9.
κ κ κ St ∈ KS(T, F L , P) and κ κ κ St∞ ∈ KS(T, F Λ , P).
Proof. 
for each τ ∈ N m and for each m; and that
for every τ ∈ N m+n and every m, n.
We give the main applications of this Theorem in the next Section. Of course these will be somewhat standard and will not involve much surprise: We will bound (the modified dual) Selmer groups. 
Applications
Before we state our main applications of Theorem 3.9, we remind our running hypotheses. χ is a totally odd character of G k := Gal(k/k) which is not the Teichmüller character ω (giving the action of G k on the p-th roots of unity µ µ µ p ). We assume further that χ(℘) = 1 for any prime ℘ ⊂ k above p.
4.1. Main Theorem over k. We first prove a bound on the size of the dual Selmer group H Theorem 4.1.
Proof. This is the standard application of κ κ κ St ∈ KS(T, F L , P).
Proof. This follows from Theorem 4.1 and Corollary 1.22 with c = c
χ be as in §2. The evaluation map
is an isomorphism; we write χ(θ L ) for the image of θ χ L under this map. Recall also the definition of ϕ and λ, which was used to define c Unless µ µ µ p ⊂ L, we may turn the inequality of Theorem 4.3 into an equality using a standard argument involving the class number formula; see [Rub92, §5] and[Büy07a, §3] for details. We need (a priori) to assume µ µ µ p ⊂ L is because otherwise we would need the inequality of Theorem 4.3 also for the Teichmüller character ω. Although this escapes the methods of this paper, we may appeal to [Wil90a, Theorem 3] (only for the character ω) and still deduce the following strengthening of Theorem 4.3:
Remark 4.5. Note that we excluded all the Euler factors at the primes ℘ ⊂ k above p from the definition of θ χ K , for any K ∈ K (recall K from §2), contrary to the standard definition of Stickelberger elements when K/k is unramified at a certain prime above p. Still, Theorem 4.4 is equivalent to [Wil90a, Theorem 3], since we assumed χ(℘) = 1 for any ℘ ⊂ k above p, and therefore our Stickelberger elements agree with that of [Wil90a, Kur03] up to units.
4.2.
Main Theorem over k ∞ . Along with the assumptions we recalled above, suppose also that all the primes ℘ ⊂ k above p are totally ramified in the cyclotomic Z p -extension k ∞ /k. Note that this assumption is satisfied if k/Q is unramified above p. Also, write char(M) for the characteristic ideal of a torsion Λ-module M.
We again proceed as in the previous section: We first prove a bound for the characteristic ideal of the dual Selmer group H Proof. This is the standard application of the Kolyvagin system κ κ κ St∞ .
Set c
St k∞ := {c St kn } n ∈ lim ← −n H 1 (k n , T ) = H 1 (k, T). Recall θ
(where we remind the reader that Γ n = Gal(k n /k)) from §2. As in the previous section, we denote the image of θ χ Ln under the map χ Λ :
(which extends χ from the previous section to Γ n by letting χ Λ (γ) = γ for γ ∈ Γ n ) still by χ Λ (θ Ln ). Lemma 2.1 shows that {χ Λ (θ Ln )} is a projective system with respect to natural surjections
Finally, let x → x • be the involution on Λ induced from γ → γ −1 for γ ∈ Γ. • λ n = χ Λ (θ Ln )
• ϕ n .
It follows that
with Φ = {ϕ n } as in §3.1. Since Φ is a generator of L, by construction, Theorem follows from Corollary 4.7.
Once again by a standard class number argument (and yet again the case µ µ µ p ⊂ L requires more care as above) shows that this equality may be turned into an equality: Let ρ cyc : G k → Z × p be the cyclotomic character (giving the action of G k on µ µ µ p ∞ ), and set ρ cyc = ω −1 ρ cyc : Γ → 1 + pZ p . We define a twisting map Tw ρcyc : Λ → Λ by setting γ → ρ cyc (γ)γ for γ ∈ Γ, and extending to Λ by linearity and continuity. Finally, let L ωχ −1 ∈ Λ denote the Deligne-Ribet p-adic L-function for the character ωχ −1 . We won't say much about L ωχ −1 ; we will loosely mention that this L ωχ −1 is determined by the following interpolation property: Since this is true for every ρ, Lemma follows. 
